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Topothesy and fractal dimensions were calculated for 
poly(acrylonitrile) (PAN) nanofiber mats obtained by 
electrospinning. These methods enable quantitatively describing 
and thus comparing solid-state surfaces and detecting fabric 
errors. The obtained variety of structural properties results from 
different substrates and after-treatments, e.g. stabilization and 
carbonization. The change in spatial morphology was reported for 
different magnifications of images obtained with the use of helium 
ion microscopy (HIM). 
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1 Introduction 

Analysis of surface and structural properties of textile materials, from the perspective of fractal-related 

investigations, can be realized by using image processing methods. In its common sense that the image 

processing approach relies on counting pixels for a given selected region. Importantly, in practice gray-

scaled or even monochromatic one-bit photographs are elaborated. The selected region under 

investigation might be a circle, a rectangular or square area. Usually, the counting procedure is repeated 

in many places – selected at random or at regularly (sequentially) distributed locations. Finally, the 

collected information is properly elaborated, e.g. averaged, and the final set of characteristic parameters 

can be provided. We can mention here that there are plenty of universal approaches, such as fractal 

capacity dimension and fractal correlation dimensions [1], diffusive dimension and the associated 

random walk on images [2], succolarity [3], lacunarity [4], and finally topothesy [5], which is the main 

subject of this publication. 

Topothesy is in use for many years as a testing method for solid-state surfaces, e.g. in metals after 

machining [6]. Thomas and Rosén explained that the fractal dimension is sufficient to describe self-

https://creativecommons.org/licenses/
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similar fractals, while real surfaces – which are not self-similar in mechanical or optical investigations – 

need the topothesy as an additional scaling parameter, which is defined as the in-plane distance along 

which the surface slope is one radian on the average [7,8]. Russ mentions that this distance can be very 

small in real samples, making the physical interpretation often complicated, but that the topothesy has 

the advantage that it can be evaluated from a line profile, like in mechanical surface roughness 

measurements [8]. This fractal parameter has been successfully implemented, e.g., for fingerprint 

detection [9].  

On the other hand, there are only few computer-based approaches used in automated fabric defect 

detection systems, applying calculations of fractal parameters [10]. Hanmandlu et al., e.g., reported on 

investigating torn fabrics, oil stains, miss picks and interlacing of two webs by topothesy and fractal 

dimension and found that these parameters did not only represent surface roughness, but also the self-

similarity in the textures, enabling using them for detection of such visible errors where the self-similarity 

was changed [5]. Militký and Bajzík showed that fractal dimensions were related to surface roughness 

characteristics, as measured by Kawabata evaluation system [11]. Most other investigations of textile 

surfaces and fabric defects by mathematical methods concentrate on evaluations via the Hurst exponent 

[12], Sobel edge detection, thresholding methods [13], Gabor filters, wavelet transform and others [14]. 

Here, we want to employ topothesy for relatively large, magnified photographs of fibrous structures. After 

providing some theoretical examples of very simple cases, we will present results for poly(acrylonitrile) 

(PAN) nanofibers mats obtained by electrospinning [15]. 

2 Fractal characteristics and topothesy 

As mentioned before, surface analysis in different methodologies can deal with gray-scaled or even 1-bit 

black-and-white maps. The topothesy tests the morphology of gray pixels in a range of intensities of <

0; 255 >. It counts the difference between the intensities of two selected regions per distance between 

them. This is why it is related to a slope and can be used for quantification of solid state roughness. The 

topothesy depends on the so-called spectral function 𝑆(𝜏) expressed as follows. 

𝑆(𝜏) =
1

(𝑚−𝜏)2  ∑ ∑ |𝑔(𝑖, 𝑗) − 𝑔(𝑖 + 𝜏, 𝑗 + 𝜏)|𝑚−𝜏
𝑗=1

𝑚−𝜏
𝑖=1 ,                (1) 

where an image under analysis has the pixel size (𝑚 x 𝑚), 𝜏 is the testing range <1 < 𝜏 < 𝑚 − 1> of the 

spectral function, and g is the gray-level value at a given pixel (𝑖, 𝑗). Thus, the obtained spectral function 

𝑆(𝜏) is a measure of the average slope for the analyzed area. It was shown by J. C. Russ [16] that the 

spectral function can be represented by two fractal parameters, fractal dimension 𝑑 and topothesy 𝑇, in 

the following way: 

𝑆(𝜏) = 𝜏2(2−𝑑)𝑇2(𝑑−1).                        (2) 

This means that topothesy and spectral function are directly involved in the expression, which makes it 

suitable for fast calculations. For non-fractals and 2-dimensional objects, 𝑑 = 2  and 𝑆~𝑇2 . On the 

logarithmic scale, Eq. 2 can be expressed as a linear dependence, namely 

𝑙𝑛(𝑆(𝜏)) = 2(2 − 𝑑)𝑙𝑛(𝜏) + 2(𝑑 − 1)𝑙𝑛(𝑇).                  (3) 

This equation shows that topothesy can be deduced from the point of intersection of a tangent line with 

the plot at 𝑙𝑛(𝜏) = 0. From the linear regression fit parameters (𝑎, 𝑏 𝑖𝑛 𝑦 = 𝑎𝑥 + 𝑏), we can calculate 

topothesy and fractal dimension: 

𝑇 = 𝑒𝑥𝑝(𝑏/(2 − 𝑎)) and 𝑑 = 2 − 𝑎/2.                   (4) 
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In this paper we show investigations of square regions of size (𝑚 x 𝑚), e.g., the whole image or its parts, 

calculating linear fitting within the range of 𝑙𝑛(𝜏) =< 0.5; 1.5 >.  

Before presentation of topothesy for fiber-based electrospun materials, we show some theoretical simple 

structures with different levels of spatial frequencies (Fig. 1) in order to make the reader more familiar 

with the 𝑆(𝜏) function and topothesy. Here we see that the topothesy shows larger values if the lines 

alternate on smaller scales. 
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Fig. 1 Spectral functions calculated for bar structures with different ratios of bar width to the width of white space 

between them. For small values of 𝑙𝑛(𝜏) one can observe a linear function mentioned in Eq. 3. The smaller the 

value of the line intersection at 𝑙𝑛(𝜏) = 0, the smaller is the topothesy. 

A similar finding can be reported for irregularly placed dots instead of strips in identical distances, as 

visible in Fig. 2, while more comparable values of the topothesy can be found in continuously changing 

gray-scale images with different gradient orientations (Fig. 3). 
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Fig. 2 Spectral functions of randomly distributed circles; small ones (on the left) and bigger ones (on the right). 

Topothesy of the left image is smaller, since white background dominates. Larger black circles on the right 

contribute more significantly to image non-uniformity. 
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Fig. 3 Spectral functions of continuously changed gray-scaled intensity, from left to right: vertical orientation, 

corner-to-corner change, middle-centered. Topothesy for each case is comparable, while for the middle-centered 

case, the spectral function reveals a clear maximum value. 

3 Results 

Images have been obtained with the use of the Orion Plus Helium Ion Microscope (HIM) by Carl Zeiss 

Jena (Germany) using 34.2 kV acceleration voltage and 0.1-0.2 pA beam current [15]. The images are 

given in Fig. 4. The coding of names, 1-A, 1-D, 2-B, and 2-D, results from our internal convenience. The 

sizes of tested areas are equal to 27 μm x 27 μm and 135 μm x 135 μm, for samples (1-A, 1-D), and (2-

B, 2-D), respectively. The choice of structures was determined by the aim to show the universality of the 

method. The first two samples represent the pattern of clearly visible fibers. The other two show the 
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fibers with less magnification and a more general perspective, which is suitable, e.g., for detection of 

stains or other contaminants. 

From the technological point of view, sample 1-A is prepared from PAN on a polypropylene (PP) 

substrate, sample 1-D was additionally stabilized in a muffle oven, sample 2-B was also carbonized after 

stabilization, and finally sample 2-D was electrospun on an aluminum substrate, detached, stabilized and 

carbonized. Such choice of samples and microscopic magnification aims to show how topothesy is 

sensitive to such technological steps.  

             

1-A       1-D        2-B       2-D 

Fig. 4 Samples of PAN electrospun nanofiber mats for different technological steps of after-treatment (from left to 

right): poly(acrylonitrile) (PAN) on polypropylene (PP) (1-A), PAN on PP stabilized (1-D), PAN on PP stabilized and 

carbonized (2-B), PAN on aluminum substrate, detached, stabilized, and carbonized (2-D). The images should be 

compared in pairs: 1-A vs. 1-D, and 2-B vs. 2-D. All images are adopted from [15], originally published under a CC-

BY license. 

Details of spectral function calculations are given in Fig. 5 for sample 1-A. Firstly, the spectral function 

was calculated for a whole image (black frame), for 4 sub-images (red frames), and for 9 sub-images 

(blue frames). It is visible that the spectral function is dependent on the region under investigations. This 

does not change the fact that even one spectral function – calculated for a whole image – can be used 

as a fast check of surface quality. 
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Fig. 5 Cont. 
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Fig. 5 Spectral functions for sample 1-A calculated for different sub-division of the original image. The HIM image is 

adopted from [15], originally published under a CC-BY license. 

Results of all calculations are depicted in Figs. 6-9. We provide numerical values of topothesy and the 

associated fractal dimension (comp. Eq. 4). Hence, it is interesting to compare obtained values of fractal 

dimensions with the capacity (dcap) and correlation (dcorr) fractal dimensions, calculated separately for the 

whole image in our previous work [1]. At the top of each figure (Figs. 6-9), these values are additionally 

provided. It should be mentioned that the topothesy, being a lengths scale, is here given in pixels, but 

could simply be translated into nanometers, taking into account the images’ resolutions. 

 

 

 



 

214 
 

Sample 1-A, dcap=1.96, dcorr=1.90 (topothesy/fractal dimension) 
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Fig. 6 Topothesy and fractal dimension of sample 1-A for different regions of interest. The HIM image is adopted 

from [15], originally published under a CC-BY license. 

Sample 1-D, dcap=1.96, dcorr=1.77 (topothesy/fractal dimension) 
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Fig. 7. Topothesy and fractal dimension of sample 1-D for different region of interest. The HIM image is adopted 

from [15], originally published under a CC-BY license. 

Sample 2-B, dcap=1.93, dcorr=1.89 (topothesy/fractal dimension) 
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Fig. 8. Topothesy and fractal dimension of sample 2-B, for different region of interest. The HIM image is adopted 

from [15], originally published under a CC-BY license. 
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Sample 2-D, dcap=1.95, dcorr=1.84 (topothesy/fractal dimension) 
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Fig. 9. Topothesy and fractal dimension of sample 2-D, for different region of interest. The HIM image is adopted 

from [15], originally published under a CC-BY license. 

The obtained numerical data clearly classify the stabilization process, i.e., a transition from  

sample 1-A into sample 1-D. For a larger surface observation, the change in topothesy is not so evident. 

It is mostly detectable if to compare the 4-segmented images (red frames). 

In order to test topothesy as a method for surface error detection, Fig. 10 shows two hypothetical 

situations, material loss and chemical stain. The tests were carried out with images of resolution 768 x 

768 of sample 2-B. The obtained values of topothesy are equal to 6.52 and 6.23, respectively, while the 

original image at this resolution gave a topothesy of 6.63. Thus, the relative changes of topothesy for the 

cases of material loss and chemical stain are equal to 1.7 % and 6.0%, respectively. 

         

Fig. 10. Topothesy change of original sample (left panel) due to material loss (middle panel), and chemical stain 

(right panel); 6.63, 6.52, and 6.23, respectively. The original image is adopted from [15], originally published under 

a CC-BY license. 

4 Conclusion 

The topothesy parameter was obtained for gray-scaled images of different structures and magnifications. 

Obtained numerical values can be treated as the measure of surface complexity and a level of 

roughness. Especially, topothesy is more directly related to real surfaces than parameters calculated for 

black-and-white representation of samples.  

Topothesy and fractal dimension were calculated for microscopic images of electrospun nanofiber mats 

after spinning and different thermal treatments. Interestingly, for larger magnifications, in which the 

internal structure is well seen, fractal dimension derived from topothesy are quantitatively similar to 

capacity fractal dimensions, as they can be calculated by a previously described method. On the other 

hand, for larger area observations, the topothesy-related fractal dimension can be interpreted as the 
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capacity fractal dimension. Hence, such comparison with other fractal-based method may serve as a 

proof of the correctness of the applied numerical method leading to topothesy values. 

Topothesy of spun materials with larger sizes of fibers will be larger. The methodology has good spatial 

resolution. It can be used for evaluation of uniformity of textile materials during practical situations, e.g. in 

the production process. From the computer science point of view, the calculation of topothesy and fractal 

dimension is very fast and the results can be obtained within seconds, making this method highly 

attractive for large-throughput tests. 

Future research efforts will concentrate on different magnifications and materials to test the universality 

of the method as well as its limitations. Hence, specific numerical values for a wide range of samples will 

be classified as a possible standard of topothesy. 
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